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Abstract

Univariate Extreme Value Theory (EVT) is frequently used to assess the structural risk of failure or damage resulting from excessive environmental loads in structural design. In reality, failure or damage is caused not by univariate (1D) load but by a combination of cross-correlated covariates. This research work presents a state-of-the-art, multimodal reliability approach for multivariate structural design. Analysis of the joint probability distribution tail of an -dimensional random process is the focus of multivariate EVT and extrapolation schemes. Expansion of EVT and Generalized Extreme Value (GEV) based Probability Density Function (PDF) from univariate (1D) towards bivariate (2D) systems encounters both theoretical and practical obstacles. For the first, 1D EVT is not straightforwardly extended to 2D cases, not to mention challenges pertaining to dynamic systems' dimensionality above 2D. Extension from 1D to 2D is typically done using a particular copula selection, which in itself introduces additional bias and inaccuracy. The multi-modal Gaidai reliability approach, presented here, does not rely on copula selection, hence being genuinely D, and yet mathematically exact. 
The primary goal of the presented investigation was to develop a novel design philosophy, incorporating a generic state-of-the-art multivariate reliability method for a high-dimensional energy-generating dynamic system’s failure or damage risk assessment, allowing pertinent information regarding excessive dynamics to be extracted from available time histories that were recorded physically or simulated numerically. The multivariate design approach is a priori more conservative than existing univariate ones.
Novelty: proposed holistic multi-modal reliability methodology allows for accurate yet efficient prognostics of failure, hazard or damage risk for a range of multi-modal nonlinear renewable energy dynamic systems, accounting for memory effects. The presented multidimensional reliability methodology's potential application will include big data and renewable energy harvesting and grid design applications when the number of system’s cross-correlated components (dimensions) exceeds 2. 
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Introduction

In renewable energy engineering experimental prototype model manufacturing, Monte Carlo Simulation (MCS), Central Processing Unit (CPU) computational, and experimental (lab or field) expenses turn out to be unaffordable. Recently, the safety and reliability of complex multidimensional systems attracted a significant amount of research, [1]-[3]. Moreover, it might be challenging to interpret complex outputs from a high-fidelity MCS and/or experiments. There is often an underutilization of data from high-fidelity MCS and experiments, e.g., understanding complex flow phenomena beyond so-called low-fidelity models. Originating in the controls community, existing theories and techniques for modeling and analyzing non-linear dynamical systems are made for either linear or nonlinear Ordinary Differential Equations (ODE) with a limited Number of Degrees Of Freedom (NDOF). Therefore, new advancements are needed to analyze, model, and manage high-dimensional fluid dynamical systems in order to maintain the current state-of-the-art in dynamics, stability and control [4].
Utilizing EVT, e.g., block maxima, Generalized Pareto (GP), along with associated Peaks Over high Thresholds (POT) raises issues pertinent to modelling 1D extremes, i.e., models rely on asymptotic justification for a particular dataset. Primary EVT limitation lies within its 1D nature, which does not allow for natural extension even towards 2D random variables, without introducing strong assumptions or simplifications, e.g., ad hoc copula choice for the 2D case. For dimensionality above 2D, there is no seamless theoretical EVT extension at all. On the contrary, the proposed methodology has no dimensional limitation, which may have a profound effect on multivariate engineering systems design with multiple failure modes, e.g., delivering more conservative design solutions. Multi-variate extremes modelling raises specific concerns: Multi-Degree-Of-Freedom (MDOF) models do not easily fit the GEV framework; thus, accounting for the system's high-dimensionality constitutes a significant challenge. Failure cannot always be defined in terms of a single 1D quantity, which depends on multiple input processes: even in series-type systems, failure depends on multiple failure modes, thus necessitating the development of multi-variate design approaches to structural reliability. Generally speaking, a system is a technological configuration of easily distinguishable system components, whose operation is dependent upon the correct operation of all or a subset of its components. Several idealizations are useful, if not essential, for a reliability study. The components are thought to be capable of just two states: one failure state (unsafe, defective, inactive, etc.) and one functional state (safe, working, active, etc.). Assessing design failure/damage probability/risk constitutes a practical challenge within a realistic engineering context. Excessive values of environmental covariates, as well as their combinations, typically yield structural damages (failures). 1D design value estimates received quite extensive research and engineering attention, whereas more conservative multi-variate features received less design attention, [5]-[7]. In a simplest scenario, a dynamic structural system may be modelled as a series type system, namely, the system 'fails' if one of its components has exceeded its predefined limit (threshold). A series system is a configuration of components, such that the whole system operates/functions if and only if each of its components functions, see Figure 1.  
[image: ]
[bookmark: _Ref189957306]Figure 1. Series (up) versus parallel (down) type system.

In general, the failure (damage) surface may be more sophisticated than a series type system one, [8]. Note that, e.g., a parallel system can be equivalently expressed in terms of a series system. Multi-variate stochastic processes' spatial local maxima may be well analyzed by, e.g., Max-Stable Processes (MSP) theory, based on Extreme Value Distributions (EVD) towards a higher number of components (dimensions). In [9], the authors studied the MSP model, accounting for the spatial impacts of typhoons. Note that here the multi-modal Gaidai structural risk assessment approach may be inter-combined with an MSP approach. For multi-variate extremes of sparse type structures, see [10].  For bivariate modes, utilizing copulas within various engineering applications, see [11]. Spatiotemporal modelling of extremes often relies on asymptotic types of models, e.g., GP, POT, and block maxima. Nevertheless, both numerical and empirical evidence often suggest that asymptotic models are often over-constrained. For a comprehensive review of contemporary advances within spatiotemporal extremes statistical modelling see [12]. Due to computational as well as experimental/lab limitations, there has been limited success in incorporating multidimensional structural intercorrelations into design. For high-dimensional spatiotemporal extremes by means of single-site conditioning, see [13]-[15]. For a comprehensive overview of methods for multidimensional system reliability, see [16]. For a multidimensional approach to a complex system's resilience analysis, see [17], where a 1D function of merit  is introduced. 

Recent advances in multivariate reliability theory and methods: for physics-embedded multi-response regressors for time-variant system’s reliability assessments see [18]; for cascade sampling-based block mapping for turbine cooling system coupled reliability assessment see [19]. In the last three years, Structural Reliability Analysis (SRA) for ships and offshore structures has seen substantial breakthroughs, progressing towards more complex, multidimensional, and probabilistic methodologies, with an emphasis on holistic and systemic approaches. These advancements are essential, highlighting the pivotal function of contemporary maritime operations within the global economy and the intrinsic complexity of marine structural systems, while also acknowledging the substantial evolution of fixed and floating wind turbine foundations. This transition is crucial for tackling the distinct issues of marine structures, improving their safety, efficiency, and sustainability in a swiftly changing global environment [20]. Recent SRA progress primarily involved a transition from conventional bivariate statistical techniques to sophisticated reliability methods designed for multi-dimensional structural dynamics. For machine-learning techniques, assisting reliability analysis of complex time-variant systems, see recent studies [23].

Research gap: existing general-purpose multi-variate reliability methods are mostly limited to 2D systems, e.g., First Order Reliability Method (FORM) along with Second Order Reliability Method (SORM), relying on Rosenblatt-transformation, which assumes that the underlying multi-variate probability distribution is known, while it is obviously rarely the case in practical system design and structural health monitoring. Hence, the primary research gap is trifold: a) "curse of dimensionality" Number of Degrees Of Freedom (NDOF) being limited to 2D; b) the underlying joint distribution is unknown; c) asymptotic EVT is rarely applicable to measured or Monte Carlo Simulated (MCS)  limited underlying datasets. 

[bookmark: _Ref201919679]Figure 2 Schematic representation of the proposed multidimensional reliability approach.

Figure 2 schematically presents the proposed multidimensional reliability approach. To summarize, this study advocates a novel multidimensional reliability-based design approach.

Novel design philosophy: the multivariate design approach is a priori more conservative than existing univariate ones. In recent decades, the analysis of high-dimensional data along with the study of complex systems has attracted significant interest across many research and industrial fields, including statistical physics, systems biology, and machine learning. The emergence of the big data era has revealed significant shortcomings in conventional univariate reliability-based design methodologies due to the extensive use of high-dimensional datasets, including gene expression data, picture characteristics, and text embeddings. In high-dimensional systems, as dimensionality grows, the overall quantity of necessary hot-spot locations increases dramatically, [21].
Wind energy has progressively emerged as one of the most efficient and dependable types of sustainable energy, and it is being utilized worldwide to expedite the growth of green power generation.  Recent estimates for onshore and offshore wind energy systems imply that ongoing enhancements in deployments, capacity factors, and costs are essential to attain optimal wind power generation.  These forecasts indicate that the paramount current concern is the elevated levelized cost of energy associated with offshore systems, necessitating technological advancements to facilitate future cost reductions.  Furthermore, several investigations indicate that offshore power plants may have a greater carbon footprint throughout their life cycles in comparison to their onshore equivalents.

1.1 Application to multidimensional dynamic control
 
The failure of a building often denotes its incapacity to fulfil specified functional requirements.  Thus, structural failure is an expansive concept that includes several phenomena, such as loss of stability, elevated response levels in displacements, velocities, accelerations, and plastic deformations or fractures caused by overload or fatigue.  The consequences of different types of failures also differ substantially.  The malfunction of a single sub-component does not always imply that the entire structure becomes incapable of withstanding the applied forces.  A sudden loss of stability frequently leads to a complete and disastrous structural failure.  Failure may stem from a convoluted sequence of detrimental events, potentially caused by a mix of low-probability external or human-induced acts and internal deficiencies.  Control approaches are often based on the minimization of objective functions (or loss functions), which differ in character depending on the individual control algorithm employed.  Loss functions are frequently expressed in terms of the costs associated with response and control mechanisms.  Structural dependability criteria and the associated consequences of structural failure are rarely explicitly addressed. 
 The failure of a structural multidimensional system can be clearly defined as comparable to the objective function, serving as input for real-time control algorithms, which are categorized as either online or pre-calibrated, [22]. 

1.2  Research gap

The research deficit can be succinctly articulated as follows: Recent years have witnessed substantial advancements in data-driven Artificial Intelligence (AI) methodologies for managing uncertainty quantification, [89]; physics-based frameworks for multi-failure-mode system reliability and optimal design, both at the sample level and at the probability density level, [90]; approaches that integrate uncertainty quantification with increasingly refined deterministic models and rich monitoring datasets, [91]. Those above-mentioned approaches are, however, mostly suitable for numerical MCS models, where multivariate system dynamics can be simulated in a certain way, thus improving the underlying data sample. Current dependability approaches, except those based on Monte Carlo simulations, are constrained in dimensionality, namely NDOF ≤ 2D. When only a single data sample is available, it is unfeasible to employ widely used Monte Carlo techniques, such as significance sampling, due to the inability to resample the underlying dataset. In the latter scenario, the proposed multivariate dependability technique offered the designer a solid and unparalleled solution.
.


1.3 Lifting Max-Stability (MS) assumption

It is well known that 1D EVT is based on the MS pre-assumption. 1D Random Variable (RV)  is called max-stable, if there exist sequences: ,   such that 
                                                                                                                                         (1)

with  indicating equality in distribution and , , being independent copies of . In other words,  is assumed to be convergent under an appropriate affine normalization, which is impossible to verify for empirical data, drawn from an unknown distribution. The methodology proposed in this study is free from MS pre-assumption. Regarding systems with dimensionality 2D and higher, EVT cannot be seamlessly extended to higher dimensions, unless a copula or higher-dimensional inter-dependency structure is known in advance.


1.4 Practical limitations

As stated above, the proposed multivariate data analysis methodology does not require any ad hoc pre-assumptions, e.g., MS, beforehand knowing of the underlying Joint JPDF (JPDF) like in FORM, IFORM, SORM methods. The only default assumption is the dataset's representativity. Eqs (1A-5A) in the Appendix represent an exact failure probability formulation. By D, authors imply that there is no limitation on system dimensionality, unlike e.g., copula theory (dimensionality is limited to 2D).
System finite-memory is assumed, which is, however, valid almost by default for a majority of engineering systems.


Methodology

This Section provides a detailed theoretical description of the proposed multivariate reliability method. The first necessary univariate formulation is to be given, followed by the state-of-the-art multi-modal Gaidai structural reliability concept.

Consider a quasi-stationary random (stochastic) process  with a finite memory, which was either physically measured or MCS across a representative period . Local maxima  of the process  have their respective occurrence times . The goal is to accurately assess the Cumulative Distribution Function (CDF) of extreme value  or equivalently , holding , with a sign  indicating proportionality. Equivalently, the target is to assess  for large/extreme values of . 
See Appendix for Poisson independence assumption modification for univariate processes with memory effects. Note that for a multi-dimensional series-type system, its failure is given by a first passage event, and any parallel-type system may be equivalently reformulated as a series-type one.

4-parameter Weibull-class extrapolation scheme

The Weibull distribution is widely utilized in survival analysis and reliability engineering to model the lifespan distribution of different mechanical components, including computed tomography equipment, wind turbines, and aircraft door lock mechanisms, [23]. Material science, physics, engineering, chemistry, meteorology, economics, medical sciences, business, quality control, biology, geology, and geography are just a few of the many disciplines that use it. For an overview on extended forms of the Weibull distribution, see [25]. This Section presents only one out of many possible extrapolation schemes, i.e., 4-parameter Weibull-class; however, any extrapolation scheme can be plugged in, e.g., recently developed non-parametric deconvolution scheme, [26]. Functions  are assumed to be regular  in their tails –  for high/extreme values of, e.g., for , for a suitable tail marker . In the following 4-parameter Weibull-class extrapolation fit scheme, it is briefly outlined here [27]-[31]. Given  being 4 unknown fitted constants, it is assumed that 

                                                   ,                                         (2)

The 4-parameter Weibull-based extrapolation scheme is given by Eq. (7). Note that the proposed reliability methodology is compatible with any suitable extrapolation scheme. In other words, the extrapolation scheme is purely a plug-in. Thus, by plotting  vs , near-linear distribution tail behaviour is expected. It is suggested to carry out optimization with respect to 4 unknown arguments, , on the log-level, minimizing the Mean Squared Error (MSE) function F

                                                                 (3)

with  representing a suitable cut-off value, namely, the largest process (e.g., dynamic structural response or environmental load) value, with Confidence Interval (CI) width being still estimable, [32]. Weight function  may be further defined, e.g., as follows  with  being an empirically assessed CI, estimated from available measured/MCS data. Due to the assumed process of finite memory, for a sequence of conditional exceedances by a quasi-stationary process  over a threshold , for sufficiently high memory level , constitutes a Poisson process. For a non-stationary process , the corresponding Poisson process will be non-homogeneous. Thus, for relatively high levels of , approximate  % CI may be written as follows 
                                                                                                      (4)
where  being assessed from the inverse-Gaussian-type PDF, [33]-[35].
There exist several versions of the 4-parameter Weibull distribution, see e.g., [36] for fatigue curve fitting, [37] for twice-curved Weibull plots, four-parameter Harris extended Weibull distribution, [38], so-called the Weibull Weibull distribution, [39], transmuted exponentiated generalized Weibull, [40], four-parameter Weibull-Logistic Distribution, [41], – however, those are different from the one, proposed in this study (Gaidai-Næss version, [42]), which is specifically tailored for distribution tails extrapolation.



Multi-modal risk evaluation concept for series-type systems

EVT is based on the assumption that exceedances over relatively high thresholds are independent; however, it is not obvious how accurate the latter guess is. It is thus important to develop alternative approaches that are able to account for statistical dependency within the underlying dataset. Another drawback of existing EVT methods is that they are mostly limited by the system's NDOF . Advocated multi-modal hazard (risk) assessment concept having no limitation on NDOF, i.e., NDOF.  
MDOF dynamic system may be fully represented as  with its components  being either MCS or physically measured over a representative period. Component-wise global maxima across the entire period  to be denoted here as , , . Representative period  is defined as a long enough value of , with respect to the dynamic system’s relaxation, auto-regression and auto-correlation times. Let  be the local maxima, recorded within temporally increasing order, extracted from the dynamic system's principal 1D component process  occurring at discrete instants:  . Analogous definitions to follow for the remaining MDOF system’s components:  i.e.,  ,… representing their respective local maxima. All component-wise local and thus global maxima are assumed positive (for simplicity). The current aim is to assess the probability of a dynamic system’s failure/damage 

                                               (5)
holding
          (6)
being the target system's non-exceedance probability for pre-defined components' hazard/critical thresholds (levels) , , ,...; with  representing logical operator «or»;  being the system's Joint PDF (JPDF) of component-wise global maxima, recorded across the entire period: . It is quite often not practically feasible to directly assess the latter system’s JPDF  due to JPDF's high dimensionality, along with the underlying dataset's limitations. Instant, when either component  out-crosses , or  out-crosses ,…, the dynamic system is regarded here as failed, or entered into hazard state. Predefined failure (damage or hazard) levels, , ,... being selected individually for each dynamic system’s 1D component: ; , …. The component-wise local maxima, recorded in in temporally increasing order, coherent with their occurrence instants: , form a single merged synthetic time-vector  coherent with , having length of . The latter inequality results from the fact that just the overall maximum of all those local maxima has to be considered when component-wise local maxima have coincident occurrence times. Each  represents system’s component-wise local maxima of one of MDOF components, i.e., either , , , … . Given dynamic system’s time record, it is suggested to concurrently monitor component-wise local maxima, recording their exceedances of MDOF hazard (limit) vector:  by any of dynamic system’s components:  Component-wise local maxima to be merged into temporally increasing dynamic system’s vector:  by merged temporal vector . Thus, every local maximum  encountered 1D component’s local maxima, corresponding to one of components , , , …. Unified system’s limit-vector  being now introduced, having each component  being equal to either , , , …, depending on which component  , , … corresponded to the current local maximum, holding running index. Scaling-type parameter is now introduced, in order to artificially and simultaneously even up limit values for all dynamic system’s components, namely synthetic MDOF hazard (limit) vector  holding , , , .... The unified dynamic system’s limit/hazard vector: , being now introduced, with each critical component  being either , ,…. The latter identifies the dynamic system’s target survival probability  as a  function of scaling parameter , with , [53]-[60].  
The key idea behind the introduction of the -scaled threshold vector  for a series-type system is the transformation of the original dimensional multivariate data sample  towards a synthetic non-dimensional vector based on non-dimensional data representation  with re-scaled and non-dimensionalised components
                                                                                                           (7)

Highly correlated component-wise local maxima may form clusters within the coalesced/assembled dynamic system vector:, see Figure 3 for a schematic illustration of the synthetic non-dimensional vector . 
[image: ]
[bookmark: _Ref113388842]Figure 3 Illustration of how the three components: X, Y, Z merged into a synthetic vector R. 
The suggested multimodal survival assessment scheme offers a consistent solution to data de-clustering; for alternative statistical techniques to account for inherent clustering effects, see [92]. In the above, the system's joint quasi-stationarity (ergodicity) assumption was utilized. Suggested method may also treat non-stationary conditions, [69]-[72]. Given a scatter in-situ diagram with  environmental states, when each short-term environmental state has its individual probability, with. Long-term statistical formulation is given by 
                                                                                                                    (8)
where  are of the same type PDF functions as given by Eq. (18), corresponding to distinct short-term environmental states, indexed with . Authors have successfully confirmed the accuracy of the recommended multi-modal reliability approach for a variety of dynamic systems in recent years,  [43]. 

Theoretical formulation 

This Section summarizes the above-described reliability methodology is summarized in the form of a theorem, followed by a corollary. The presented failure probability formulation is mathematically exact, under very broad (default) assumptions, e.g., dataset’s representativity, distribution tail  regularity, system joint quasi-stationarity at least within consequent "time-windows", etc., that are common in any engineering application.
Theorem: Provided jointly strongly stationary, multi-variate stochastic/random process (system)  possessing finite memory, its lifetime (inter-failure time) PDF will follow the Poisson-type PDF 
                                      ,                             (9)
with scaling-type parameter ,  failure-functions: , ,  given component-wise failure limits , i.e., series type-system is assumed. Synthetic vector  to be defined as , . With being occurrence instants of component processes:  local maxima, respectively, and . 
Corollary: Multi-modal series-type system failure/hazard probability  is equal to  with , if . 
Proof: Let  and  denote correlation, relaxation time scales of the -dimensional process . Given the local maxima ,  of any two -process components:  having occurrence times , holding , the following holds: ,  independent, as  and ,  are nearly independent when , as a consequence of process  finite memory. Non-exceedance (survival) probability  is by definition 

                 (10)

For large conditioning memory level  and 


                                                                       (11)

and
                  with                     (12)
Since for  holds , one concludes that  from Eq. (9). Poisson property of lifetime distribution follows directly from independence of failure events , , separated by time gap , , with
                                                                           (13)
For a series-type -dimensional system  its failure occurs when one of its 1D components … fails, i.e., exceeds its respective failure threshold , , …. 
The above-presented Theorem may be extended to nonstationary multi-variate systems of non-series-type, i.e., instead of safety/reliability criteria, defined by a hypercube 
                                                                                               (14)
i.e., series-type system, arbitrary failure (damage) hypersurface ,  in or a combination of these surfaces may be incorporated, with  denoting boundary to volume surface [73]-[80]. Linear -scaling operation will result in simultaneous reduction of critical thresholds , , , …, [81]-[84].  
In the next comparative benchmark Table 1 is presented, summarizing the differences between the proposed multivariate method and conventional 2D EVT, SORM, copula-based, and MC-based techniques (e.g., importance sampling).
[bookmark: _Ref211959749]Table 1. Comparative benchmark.
	
	Gaidai multi-variate risk assessment method
	
2D EVT
	
SORM
	Copula-based methods
	MC-based methods

	

Pre-assumptions 
	

None
	
Max-Stability + Copula
	
Assumed known JPDF
	
Ad hoc Copula
	Assumed resampling is possible

	Feasibility for higher dimensions NDOF
	
Full
	
None
	
None
	
None
	
Only for synthetic data

	Feasibility for a dataset without a pre-known JPDF
	
Full
	
Partial
	
None
	
Partial
	
Full

	Feasibility to analyse measurements (not numerically simulated data)
	
Full
	
Full
	
Full
	
Full
	
None



It is seen from Table 1 that the proposed multivariate method outperforms conventional 2D EVT, SORM, and copula-based schemes on every single account.

Validating example: synthetic wind speeds and measured sea current speeds.

In this Section, the multivariate reliability assessment methodology, presented above, is to be cross-validated vs the 2D Weibull extrapolation scheme. Offshore wind speeds and sea current speeds are of paramount importance for offshore renewable energy harvesting; for a comprehensive review on onshore versus offshore wind power trends see [85].


3.1 Synthetic wind

For this validation case, a synthetic dataset was selected, since its analytical PDF is known. The latter enables cross-validation of the presented multidimensional reliability approach vs the exact analytical result. Streaming gust 3.65-day windspeed maxima, constituting random process , extracted from underlying wind speed process, MCS within representative period:  with  being one year. Underlying random wind speed process,  was modelled as a stationary Gaussian-type process  with unit standard deviation  and 0 mean . For a Gaussian  process, its 0 up-crossing rate was set as , corresponding to 1 1-year return period, i.e.,  year. Thus, the gust (3.65-day maxima) wind speed process  shall contain in total 365/3.65=data points per annum, and the whole synthetic dataset shall contain in total  data points over a 100-year-long (century) dataset. CDF of 3.65-day maxima  is known analytically: , holding . There are 3 frequently utilized Archimedean-class copulas: Gumbel-Haugaard (GH),  Clayton, and Frank. To construct a 2D process, a cross-correlated random process  is now introduced, identically distributed with . To model dynamic couplings between  & , GH copula  was selected
	
	(15)


holding parameter  with  as correlation coefficient between  & . Implemented 2D Weibull extrapolation scheme, copula’s library included GH copula, thus a good match was expected between the forecast by the presented Gaidai multi-variate & modified (4-parameter) Weibull-type extrapolation scheme, given by Eq. (3). 2D point ,  was selected for benchmark. 2D EVD copula for the bivariate gust wind speed maxima was given by

	
	(16)


a)
[image: ]
b)
[image: ]
[bookmark: _Ref201921559]Figure 4 Synthetic windspeeds. a) 4-parameter Weibull 2D contour; b) multivariate Gaidai reliability method prediction, [86].
As seen from Figure 4, both methods yield quite similar predictions. As mentioned above, the proposed methodology is intrinsically more accurate than the copula 2D approach; moreover, the proposed methodology provides a 95% CI, while the copula approach does not. Figure 4 b) presents advocated multi-variate Gaidai structural reliability prognostics, based on the synthetic  vector (see previous Section), and the corresponding 2D modified Weibull extrapolation scheme, Figure 4 a), represented by a 2D contour, having identical probability level , marked by a star in Figure 4 down right. Both reliability methods have agreed well, as expected. Next, instead of employing the GH copula, the corresponding Clayton-type copula  is employed, belonging to the asymmetric Archimedean-class copula:
	
	(17)


Currently coded (implemented) 2D Weibull fit scheme has a copula library that does not include Clayton’s copula, hence in this case, the multidimensional Gaidai reliability assessment methodology will outperform the 2D Weibull fit scheme, [86]. 


3.2 Measured sea currents speed, Florida coastal area, USA

The efficiency of the advocated multivariate Gaidai risk assessment method is demonstrated in this sub-Section by utilizing raw measured sea current speeds, obtained from NOAA buoys within the Florida coastal area, during a relatively short period of 4 months: June to September, year 2023, [87], [88]. Measured sea current speeds were averaged over consecutive 10-minute periods. For this case study, 2 NOAA offshore sea currents speed observation locations had been selected:

1. Station 41122 - Hollywood Beach, FL, data provided by Scripps Institution of Oceanography. Waverider buoy located at 26.001 N 80.096 W (26°0'4" N 80°5'46" W). Site elevation: sea level; air height: 2 m above site elevation; sea depth: 0.46 m below water line; water depth: 21 m.
2. Station 41117 - St. Augustine, FL, data provided by U.S. Army Corps of Engineers and Scripps Institution of Oceanography. Waverider buoy located at 29.999 N 81.079 W (29°59'56" N 81°4'46" W). Site elevation: sea level; air height: 2 m above site elevation; sea depth: 0.46 m below water line; water depth: 23.3 m, Figure 6.

[image: ]   [image: ]   [image: Station 41122]

[bookmark: _Hlk214045436]Figure 5 From left to right: Station 1 area, Station 2 area, Waverider buoy, [88].

a)
[image: ]
b)
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[bookmark: _Ref203315910]Figure 6 Measured sea currents speeds for Florida coastal area stations 1, 2. a) 4-parameter Weibull 2D contour: raw data , Asymmetric Logistics (AL) and Gumbel Logistics (GL) copulas fit. b) multivariate Gaidai reliability method prediction.

Figure 6 presents the proposed multivariate methodology validation for raw measured wind speeds. Parameter  in Figure 6 a) corresponds to the level of conditioning (memory) and was set equal to 4 due to convergence at the target failure probability level , indicated by a star. It is seen that both models a) and b) agree well due to a moderately chosen target windspeed level   m/s. For higher and hence more realistic wind speed thresholds, the proposed multivariate methodology will outperform the bivariate one due to the absence of ad hoc copula choice. 
Multivariate Gaidai risk (hazard) evaluation approach predicted exceedance probability ≈15% more accurately than the 2D (4-parameter) Weibull fit scheme, according to numerical testing. In addition to copula bias, the multivariate Gaidai risk (hazard) evaluation approach uses an order of magnitude less CPU time than the 2D (4-parameter) Weibull fit, since the latter employs 2D optimization. 
Cross-validation note: the two final results, Figures 4, 5 indicate good agreement with the copula-based method, with test probability level marked by a star. Note that the proposed multivariate reliability approach is a priori more accurate than copula-based methods, as copula selection is ad hoc.

Results verification

Even though full-scale measured data does not require verification, the applied statistical analysis does, in particular:
A. Data-based verification: the original dataset was reduced tenfold by preserving just every tenth consecutive data point inside the multidimensional time series dataset. Forecasts derived from the diminished dataset were found to fall within the 95% confidence interval computed from the whole dataset. 
B. Technique-based verification: For decreased dimensionality, specifically for a 2D system, the prediction derived from the proposed multidimensional methodology was compared with the Gumbel Logistic copula-based technique and was shown to fall within the 95% CI generated from the complete dataset. 
Variance-based sensitivity analysis, namely Sobol’s indices, can be integrated, particularly when the underlying dataset is constrained in size.

3.2 Replication of results

Presented results can be replicated by utilizing the same datasets, i.e., synthetic and measured ones (see NOAA  https://www.ndbc.noaa.gov), respectively, then by applying the same reliability source code, see https://github.com/OlegGaidai/ (MATLAB) and https://github.com/cran/acer (R).


Discussion

Table 2 summarizes the primary benefits of the presented multi-variate Gaidai reliability and risk (hazard) assessment method. System's NDOF can be virtually unlimited, while the majority of existing reliability techniques are restricted by 1D and 2D NDOF. This study is purely methodological, building a theoretical foundation for the proposed multivariate structural reliability methodology, for extensive case studies, illustrating practical applications see [44].
[bookmark: _Ref144320803]Table 2. Gaidai multi-variate reliability and risks evaluation methodology benefits.
	
	Gaidai multi-variate risk assessment method
	Contemporary 1D & 2D risk assessment techniques

	Ability to study nonlinear  structural multi-modal systems 
	NDOF=D
	NDOF

	Ability to incorporate structural system’s non-linearities
	Full
	Partial to Full

	Ability to analyse structural systems undergoing degradation
	Full
	Partial



There exists no alternative, comparable generic risk assessment technique, currently available, that can be directly compared with the presented multi-variate Gaidai reliability and hazard (risk) assessment method, when the structural system's NDOF>2D, except direct-type MCS approaches. Joint quasi-stationarity pre-assumption of dynamic structural system may be partially seen as a multi-modal reliability methodological shortcoming. 

Methodological validation: note that a parallel system may be equivalently expressed in terms of a series-type system (considered in this study). The presented methodology equally applies to the general case, when the system is neither series nor parallel; instead, failure hypersurface out-crossings define failures of the system, see [45]-[47].

Non-stationarity: In the above, the joint quasi-stationarity assumption was adopted for simplicity of presentation; see Eq. (8) for a non-stationary formulation. In the case of a nonstationary dynamic structural system possessing an underlying multi-modal trend, this multi-modal trend has to be identified. System component's thresholds (limits) , , ,... have to be made time-variant , , ,... Note that existing 2D (bivariate) reliability techniques may not be extended straightforwardly to multi-modal NDOF> cases; on top of that, those bivariate models are inherently inaccurate, due to the introduction of ad hoc copulas, [48]-[52]. 

CPU efficiency: for higher-dimensional (NDOF >2D) systems, there are no alternative methods (to the author's knowledge), except MC-based ones (that do not apply to measurements, as resampling is impossible). For the 2D case, the CPU advantage is obvious as the proposed methodology does not perform any copula fit at all.


Conclusions 
[bookmark: _Hlk175961152]
Widely utilized methods for extreme values and associated risks and hazards prognostics are frequently dependent on asymptotic presumptions. One way to accomplish this is to assume that epochal extremes follow the GEV PDF, where the unknown parameters are to be approximated, based on the observed dataset. Alternatively, the GP (i.e., Generalized Pareto) PDF with unknown parameters to be derived from the data, is believed to govern the exceedances over relatively high thresholds. The main issue with these methods is that 1D asymptotic EVT itself is not useful to determine whether the underlying observed data, being scarcely asymptotic, can be utilized to apply within EVT. Hence, an assumption that the underlying data is indeed distributed, in accordance with asymptotic-type EVD, is essentially dependent on trust or convenience. The Gaidai multi-modal risk assessment method is now available and will function as an additional toolkit to the asymptotic approach. We may obtain a nonparametric copy of EVD included in the data by utilizing Gaidai's multi-modal risk (hazard) assessment approach. This enables one to apply pre-asymptotic PDFs, utilizing intrinsic system information. Gaidai's multi-modal risk (hazard) assessment approach can be well applied to, e.g., long-term reliability assessment, given nonstationary underlying time series, representing the MDOF system's dynamics, for relevant case studies see [58]-[63].
It is challenging to compute the reliability function of high-dimensional dynamic environmental/structural systems, having complex inter-correlations between various system’s critical components, utilizing existing reliability techniques, when analyzing multi-modal raw/unfiltered time-series. The key benefit of the multi-modal Gaidai structural risk assessment methodology is its capacity to assess failure (damage) risks of high-dimensional complex non-linear dynamic systems. The current study proposed a novel multi-dimensional spatiotemporal risk (hazard) assessment approach that is robust yet general-purpose.  It has been demonstrated that the multi-modal Gaidai structural risk assessment approach has resulted in relatively narrow CIs. The proposed approach may serve as a practical engineering tool for the design of different nonlinear environmental/structural dynamic systems. In dealing with non-stationary cases, the recommended approach should be applied after determining the underlying dynamic system trend and removing/subtracting it from the underlying dataset.  
The primary theoretical contribution of the proposed methodology lies within its ability to assist multivariate design with no limitations on the number of dynamic system covariates or components. Another advantage of the proposed methodology, when compared with MCS methods, is that it is equally applicable to measured data, which cannot be numerically MCS.
Novel design philosophy: the multivariate design approach is a priori more conservative than existing univariate ones.
Future work: This study utilized a series-type system, where the limit surface is a hypercube. The proposed methodology is extendable to any type and any number of failure hypersurfaces. Authors will address this issue in detail in our future study.
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Appendix (memory-modified Poisson distribution)
The system's non-exceedance (survival) chances (probability)  can now be directly assessed  


	
	
	 (1A)


Introducing level of (memory) conditioning  approximation, Eq. (1A) may be elaborated as 
	
	
	
	(2A)


Failure probability functions are defined as
                                                           (3A)
for  being independent of  and thus only dependent on level of memory (conditioning) , [59]-[65]. The system's probability of non-exceedance (survival) may be now expressed as
                                                                                                   (4A)
Convergence with respect to the memory conditioning-number is assumed
                                                                                                 (5A)
Eq. (5A) represents memory-modified Poisson-type assumption, assuming that distinct up-crossing events of relatively high  levels (here ) may be well approximated as being independent events, [43]-[47].
Note on convergence: it is possible that approximation, introduced by Eq. (2A) possesses reduced accuracy in case of narrow-band types of responses (loads) for nonlinear dynamic systems, displaying cascading/clustering failures (damages or hazards) within various system's degrees of freedom (components or dimensions) due to intrinsic inter-dependency between component-wise local maxima, [48]-[52]. As stated above,  represents Poisson assumption,  represents memory-modified Poisson assumption. Convergence with respect to   is assumed per default, as converged result is the mathematically exact one. In most cases   performs sufficiently well, convergence with respect to   is case dependent, i.e., depending if there are narrow-band, clustering effect within dataset.
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